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INFINITELY MANY NOT LOCALLY SOLUBLE 
5/*-GROUPS 

VAHAGN H. MIKAELIAN 
To Shogik Mikaelian on her birthday 

Abstract. The class of those (torsion-free) S'/*-groups which are not 
locally soluble, has the cardinality of the continuum. Moreover, these 
groups are not only pairwise non-isomorphic, but also they generate 
pairwise different varieties of groups. Thus, the set of varieties generated 
by not locally soluble S7*-groups is of the same cardinality as the set of 
all varieties of groups. It is possible to localize a variety of groups which 
contains all groups and varieties constructed. The examples constructed 
here continue the well known example of a not locally soluble S/'-group 
built by Hall and by Kovacs and Neumann. 



1. Introduction 

Of all the types of generalized soluble groups ST*-groups, that is, the 
groups possessing ascending normal series with abelian factors in some sense 
are the "nearest" to the soluble groups |R72| . This and the fact that all 
locally soluble groups are S7-groups, that is, groups with normal (not nec- 
essarily well-ordered) system with abelian factors (see Subsection 14.11 for 
definitions), explain the importance of the example of an £T*-group which 
is not locally soluble, built independently by Hall [H6J| and by Kovacs and 
Neumann [KN 65]. The group constructed in [H6i[[KN 65] is a suitably chosen 
subgroup in the cartesian wreath product (M(Q, F) Wr C) Wr C, where C is 
an infinite cyclic group, Q is the (naturally ordered) set of rational numbers, 
F is any countable field, and M(Q, F) is the corresponding McLain group. 
After the Hall-Kovacs-Neumann construction there was no other example 
of mentioned type in the literature since sixties. 

The main aim of this paper is to show that not locally soluble S-P-groups 
are 'many'. Namely, we offer a method of construction of continuum sets of 
SI* -groups, which are not locally soluble (following [KN65] we use the term 
not locally soluble instead of locally insoluble used, say, in [R72]). Moreover, 
the groups constructed are not only pairwise non-isomorphic, but also they 
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generate pairwise different varieties of groups. Taking into account the fact 
that the cardinality of the set of all varieties of groups also is continuum, we 
conclude that the set of varieties generated by not locally soluble SI* -groups 
is of the same cardinality as the set of all varieties of groups. 

Our construction uses the idea of |H6H IKN65] concerning the embedding 
of an insoluble 5/*-group M(Q, F) into a 2-generator S-P-group: the latter 
cannot, therefore, be locally soluble because it contains M(Q, F). Here we 
do not use the McLain group but replace it by a group G with properties 
needed for our construction. We also replace the embeddings of \H61\ IKN65] 
by the verbal embedding construction built in [MOO, M 03al [M 02| for embed- 
dings of countable groups into two-generator groups with various pre-given 
properties. 

Section [2] below presents our verbal embedding construction. In order to 
avoid a repetition of a large part of the mentioned papers [MOO, M03a, M02], 
we present here only the scheme of our argument. The straightforward 
application of the latter already enables us to construct countably many not 
locally soluble S7*-groups (Theorem 12. 5p . 

In Section[3]we modify our initial method and build a continuum of groups 
of mentioned type and localize a variety that contains all these groups (Theo- 
rems 13.111 13.121 13.131 and 13. 14j) . This modification is based on a construction 
of Ol'shanskii |O70| concerning the continuum of subvarieties in the variety 
©5 fl *B8gr) where (85 is the variety of soluble groups of length 5 and ^gqr is 
the Burnside variety of exponent 8qr with q and r being different primes. 

In Section H] we consider possibilities to apply our construction to obtain 
examples of different nature for other classes of generalized soluble groups: 
S'l-groups which are not S7*-groups, 5iV-groups which are not >SiV*-groups, 
etc. But for some reasons mentioned there such examples are less interesting 
than those of not locally soluble 5/*-groups and thus we restrict ourselves 
to an outline of possible modifications. Closing the current paper we show 
how can the groups constructed also be linearly ordered. 

For information on the theory of generalized soluble and generalized nilpo- 
tent groups we refer to the original articles of Plotkin [P58| and of Kuros 
and Chernikov [KC47] as well as to the books of Robinson [R72] and of 
Kuros |K65| . Information on wreath products can be found in the paper of 
Neumann |N64| . in the books of Kargapolov and Merzlyakov [KM 96] and 
of Meldrum {M95j . For general information on varieties of groups we refer 
to the book of Hanna Neumann [N 68\ . Information on linearly (or fully) 
ordered groups can be found in the book of Fuchs |F 63\ or in the papers of 
Levi [EH OS] and of Neumann [N49l[N60| . 
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2. Verbal embeddings and not locally soluble groups 

2.1. The verbal embedding construction. The verbal embedding men- 
tioned in the introduction is given by: 

Theorem 2.1 (See Theorem 1 and Theorem 2 in [M02\). Let G be a count- 
able SI* -group and V C be a non-trivial word set. Then there exists a 
two-generator SI* -group H = H(G,V) with a subnormal subgroup G which 
is isomorphic to G and which lies in the verbal subgroup V(H). 

Some details and notations of proof of this theorem are relevant for pur- 
poses of Sections [3HH of this paper. Nevertheless, as we said in the introduc- 
tion, to avoid repetition of a large part of [MOO, [M03a| (and in particular 
of [M02]), we restrict ourselves here by an outline of the proof and refer the 
reader to that paper for details. Of course, one disadvantage of such an ap- 
proach is that this paper becomes much dependant, in particular, on (M02]. 

Proof scheme for Theorem \2.1\ Consider complete wreath product GWr S, 
where S is a free nilpotent group of some class c = c(V) and of rank r = r(V), 
such that 

(1) the verbal subgroup V(S) is non-trivial, 

(2) the group S discriminates [N68| the variety var(S). 

It is easy to choose such a group S. It suffices to take for the given V 
such a positive integer c(V) that the variety 9T c (y) does not lie in 03 = 
var(F 00 /F(F 00 )) and to put S = F c (9t c( y)), that is r(V) = c. The group S 
discriminates var(S') = 9t c (y) (see [N68] ). (The fact that S is a discriminat- 
ing group will be used later in the Section O) 

The verbal subgroup V(S) is non-trivial and contains, thus, an element 
a of infinite order. Let \g be the elements of the base group G s of GWr S 
defined as: 

t \ _ / 9, if s = a 1 , i = 0,1,2,..., 
Xg[ ' \ 1, if se5\{a j | i = 0,1,2,...}. 
The subgroup T = T(G,S) = (x g ,S\g € G) of GWr S contains the first 
copy of G in G s . Moreover, this first copy lies in the verbal subgroup V(T). 

Now let {Gs | 5 € A} be an appropriate ascending normal soluble series 
of the 5I*-group G, and let L = T n G s . Then the sub groups 

M 5 = L n Yl Gs, S G A 

do form an ascending normal soluble series for ST*-group L. This series 
can be continued to a series of the group T by addition of preimages of the 
lower central series of nilpotent group T/L under natural endomorphism 
T — > T/L. So T is an S'/*-group with ascending soluble normal series 
{Ms | 5 G A'}, where the index set A' contains A and at most c extra 
elements (see [M02] for details). 

Modifying this construction we get in |M 02] an embedding of the group T 
into an appropriate group D = D(T, G). Namely, we consider the complete 
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wreath product TWrC, where C = (c) is an infinite cycle. Set further for 
each g G T: 

g, if i > 0, 
1, if i < 0. 

Then the first copy of T in the base group T c lies in the derived subgroup 
of the group 

D = (%) c l 9 G T). 
Now we "lift" the ascending soluble normal series {Ms \ 5 G A'} of T to an 
ascending soluble normal series {K$ \ 5 G A"} (A" consists of A' and of one 
additional element) of D in the following way. We set Y = D C\T C and 
define: 

K s = Y[ M s n y, 5e A'. 

As the last member of the series for the index 5 G A"\A' we add the group 
D itself. 

Now consider the complete wreath product D Wr Z', where Z = (z) is an 
infinite cycle. Clearly card (D) = card (T) = card (G) = No- So let us write 
D as 

D = {d ,di, ... ,d n ,... | n G N} 
and define the following element ui in the base group D z : 

t .tj\ - / d k, lf i = 2 k , k = 0,1,2,..., 
1 J \ 1, if i GZ\{2 fc | k = 0,1,2,...}. 

Define H = H(G,V) = (to,z). H contains D' = [D, D] (and, thus, the 
groups T and G) as subnormal subgroups. Moreover G Q V(H). And, 
finally, we make H an S'/*-group in the following way. Let W$ be the direct 
power Wzszz^s, 5 € A". The subgroups Ws, 8 G A, form as ascending 
normal soluble series in the direct power W = Y\ Z&Z D. Intersections 

B 5 = Ws n H, 5 G A" 

form an ascending soluble normal series for H n W. This series can be 
continued to a series {Bs \ S G A"'} for the whole group H: we simply add 
one more member, namely, the group H itself. □ 

Remark 2.2. Let us notice that if our initial group G is torsion-free, the 
group H{G, V) we constructed will also be torsion-free. 

A consequence of the proof of Theorem 12.11 is: 

Corollary 2.3. If the group G belongs to variety 11 and if 

23 = var(F 00 /y(F 00 )) 

is the variety corresponding to the word set V , than the group H = H(G, V) 
can be chosen to belong to variety 



(where, as above, 9T c (y) % %3). 
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Proof. Since T is some subgroup of G Wr S, it belongs to the variety var(G) ■ 
var(S) C il-0t c (^-j. The group D is chosen in the variety il-9X c (y) -21. Finally, 
the group -ff is a subgroup of wreath product D Wr Z, which belongs to 
var(D) • var(Z) = U • 0I c{ v) • 21 • 21. □ 

2.2. The first examples of not locally soluble S7*-groups. The variety 
we have just constructed is essential for our purposes. Let us use a special 
notation for it: 

93* = 93*(il, QJ) =11- 0T c(y) • 2l 2 . 

Remark 2.4. Any product of varieties different from the variety of all 
groups also is different from 0. Thus, taking into account the fact that we 
consider only non-trivial word sets V, we get that SJ* (it, 93) = if and only 
ifil = 0. 

Next we need a group G with the following properties: 

(1) G is an insoluble S7*-group, 

(2) G is torsion-free, 

(3) G is countable, 

(4) G does not generate the variety of all groups, that is, G satisfies a 
non-trivial identity. 

The exact form of a group with these properties is not relevant to us. 
Moreover, later in this section we will be able to build infinitely many groups 
with properties (l)-(4). What we need now is just one initial example of 
such a group. Four different ways of construction of such initial groups with 
properties (l)-(4) will be given at the end of current section. 

The following theorem already provides us with a countable set of SI*- 
groups, which are not locally soluble. 

Theorem 2.5. Let 93 be an arbitrary variety different from the variety of all 
groups, that is, 93 is defined by a non-trivial word set V , and let il = var(G) 
be a variety generated by a group G satisfying properties (l)-(4)- Then there 
exists a not locally soluble SI* -group H = H(G,V) such that 

H e 93* and H £ 93, 

where 93* = 93*(il,93) as above. 

In particular, it follows from this that there exist countably many not 
locally soluble SI* -groups, which are pairwise non-isomorphic. 

Moreover, locally soluble SI* -groups mentioned can be constructed to be 
torsion-free. 

Proof. For any non trivial variety 93 let us consider the corresponding (non- 
trivial) word set V and build the embedding construction of Theorem 12.11 
for any given group G with properties (l)-(4) and for our V. The group 
H = H(G, V) obtained is an S'/*-group. But H cannot be a locally soluble 
group because it is finitely generated and contains an insoluble subgroup G. 
The fact that the group H belongs to 93* follows from Corollary 12.31 H does 
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not belong to 2J because the verbal subgroup V(H) contains a non trivial 
subgroup G. 

Now define Vq = V, Hq = G and obtain a countable set of examples of 
not locally soluble 5/*-groups {Hi \i = 1, 2, . . .} recursively: 

(1) set the word sets V n C F^, i = 1, 2, . . ., to be those corresponding 
to the varieties 

Q3„ = 23 n _i U (var(iT n _i) • ^Vn-i) ' 

(where, clearly, is the variety corresponding to (n — l)th word 

set V n -{); 

(2) build the group H n = H(H n -i,V n -i) according to the construction 
of Theorem 12.11 

It is clear that the groups Hi, i = 1,2,..., are not locally soluble two- 
generator 57* -groups. Moreover, not only Hi ^ Hj for any i ^ j, but also 
var(Hj) ^ var(Tij), provided that i ^ j. 

Moreover, if the initial group Hq = G is torsion-free, then all wreath 
products 

Wr 5) WrC) WrZ, i = l,2,... 

are torsion- free together with their subgroup Hi = Vi-i) for z = 

1,2,... ' ' " □ 

2.3. Examples of groups with properties (1)— (4). Now we turn to 
exact examples of groups G with mentioned properties promised above. 

If some variety it ^ contains a set Q = {Gi \ i = 1, 2, . . . , n, . . .} of 
soluble countable groups, such that the solubility lengths of the groups in 
Q have no common bound, then the direct product G of elements of Q 
clearly satisfies conditions (1), (3) and (4). Moreover, if all groups of Q are 
torsin-free, then G also has that property. So what we have to look for, are 
examples of such sets Q. 

I am vary much grateful to Professor B. I. Plotkin as well as to Professor 
L. G. Kovacs, who kindly provided me with some examples of mentioned 
type (the first two of the examples below). These examples are of different 
types and they show that in Theorem 12.51 we could build our construction 
taking one of the following varieties as a 'start point' U: 

2l-«B 4 , 2l-3p(p>5), £ 3l a-f^ng (n>3, p = n + 2), 

where &p is the Kostrikin variety of all locally finite groups of prime exponent 
p, $l n is the variety of all n-Engel groups. 

Example 2.6 (Kovacs). Let G n be the free group of rank n in the variety 
21 • 2$4, where QS4 is the Burnside variety of groups of exponent dividing 4. 
Since the corresponding 2$4-free groups F n {^&i) are finite, they are soluble. 
Thus G n are also soluble. By Razmislov's Theorem |R78j 2$4 is not soluble, 
so there can be no bound on the solubility lengths of these groups G n . 
Moreover, the groups G n are torsion-free; this follows from the result of 
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Kovacs \K79\ : relatively free groups of any product variety X ■ 2) are torsion- 
free if and only if relatively free groups of variety X are torsion-free. 

Example 2.7 (Plotkin). Since the Kostrikin variety &p is a locally nilpotent 
variety, all relatively free groups F n (&p), n = 1,2,..., are nilpotent. On 
the other hand &p is not a soluble variety (see [R7I] for the case p > 5, 
and [BMW70] for the case p = 5). So in order to have a torsion-free group 
G we can take Q to be the set of relatively free groups in product variety 

a -iip. 

Example 2.8. All 3-Engel groups are locally nilpotent [He6J| . So put G n = 
Fn(&3)- There is no bound on the solubility lengths of these groups, for the 
free group of infinite rank in variety £5 n (£3 is insoluble [BMW 70 J. 

Example 2.9. Varieties <B n for n > 3 can be another source for examples. 
Intersections &p n (£ n , where n > 3, p = n + 2, are locally nilpotent, but still 
not soluble varieties |R7J| . To get torsion-free groups with desired properties 
take relatively free groups of finite ranks in the variety 21 • (Mp D (E n ). 

3. A CONTINUUM OF NOT LOCALLY SOLUBLE 5I*-GROUPS 

Let us first observe, that, in spite of the fact that the set of all varieties 
of groups (that is, the set of all non-trivial word sets V) is of cardinality of 
continuum, the method of Theorem 12.51 can provide us with only countably 
many examples of not locally soluble »S/*-groups. The point is that V 'takes 
part' in construction of H(G, V) by means of the corresponding positive 
integer c(V), and the number of such integers is, clearly, countable. 

3.1. A group set of Ol'shanskii and the bisections (B). We will use a 
special set of groups built by Ol'shanskii in [O70j and used for construction of 
a continuum of varieties of groups. Namely, let {K n \ n € N} be a countable 
set of finite groups with following properties: 

(1) K n G (S5 n 238qr, n = 1, 2, ... , where 65 is the variety of soluble 
groups of length at most 5, where q, r are different primes and where 
238gr is the Burnside variety of groups of exponents dividing 8qr; 

(2) K n £ var(iTi, . . . , K n -x,K n +i, . . .) for an arbitrary n € N 

(see [O70] for details). Our final construction will be more economical, if 
we fix one of the groups presented in Subsection 12.31 and continue consid- 
eration for that concrete case. So set G be the group of Example 12.91 (see 
Remark 13. 10p and choose the primes q and r to be different from the prime 
p = exp G. 

Let as define a bisection (B) to be the following representation of the set 
N of positive integers 

(B) N = N' U N", where N' n N" = and N' , N" + 0. 

Define for each bisection (B) a group -K"(b) to be the direct product of groups 
K n , n £ N', a variety 5J(b) to be the variety generated by groups K n , 
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n G N" = N\N', and a word set V(b) to be that corresponding to 2J(b)- 
Denote, further, 

(1) G(B) =GxF 00 (21 -var(ir ( B))). 

It is easy to see that G(b) is an SP-group. And since, clearly, Vrm is a non- 
trivial word set, we are in position to apply Theorem 12.11 to subnormally 
embed Gm) into an appropriate two-generator SP-group 

#(B) = H(G(B), V( B )). 

The set of all the bisections (B) is of cardinality of continuum and it would 
be sufficient to find continuum many different bisections which determine 
'very different' groups -ff(B)- 

Theorem 3.1. There exists a continuum of the bisections (B) for which the 
corresponding groups -ff(B) are pairwise non-isomorphic and, moreover, they 
generate pairwise different varieties of groups. 

The proof of this theorem occupies the next subsection. 

3.2. The proof of Theorem 13.11 Assume another bisection (B*) is given: 

(B*) N = N'*U N"* where JV'*niV"* = and N f * N"* ^ 0. 

The bisections (B) and (B*) are different if N'* ^ N' (or equivalently: 
N"* ^ N"). We begin with the following: 

Lemma 3.2. Let the bisections (B) and (B*) be different and let Gyb) an d 
G(b*) be the groups constructed according to the rule described above. Then 

var(G (B) ) / var(G (B ,)). 

Proof. Since the group 

g = H F n (2t-(^ne n )) 

n=l,...,oo 

generates the variety 21 • (Sip nf„), holds: 

var(G (B) ) = 21 • (& p n <£„) U 21 • var(K (B) ) 

= 21- ((j^n£ n )Uvar(ir ( B))). 

For arbitrary varieties of groups 3t, 2Ji, 2J2, different from the variety of all 
groups, X • 2Ji = X ■ 2J2 holds if and only if holds 2Ji = 2J2 [N68| . Therefore 
it is sufficient to show that for different bisections (B) and (B*): 

(Sip n <£n) U var(^ (B) ) ^ (Sip D <£„) U var(^ (B *)). 

Varieties var(i^( B )) and var(/C( B *)) are different and thus 

(2) ^(varO^B))) 9*^00^(^(3.))). 
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Since varieties v&r(Km\) and var(i"T(B*)) both have trivial intersection with 
var(G), we get according to [N6S, 21.33] that 

Foo(vax(G ( B))) = F 00 (var(G) U var(K (B) )) 

= Foo(var(G)) x Foo (var(K (B) )) 

and 

F 00 (var(G (B »))) = F 0O (var(G) U var(^ (B *))) 

= ^(va^G)) x ^(var^B.))). 

Now it follows from ([3]), ([3]) and ([2]) that var(G( B )) and var(G(B*)) are dif- 
ferent varieties. □ 

Consider for each bisection (B) the complete wreath product 

G( B ) WrS(B), 

where, as in the previous section, 5m) is defined to be the free nilpotent 
group of certain rank r( B ) and class C( B ) (and in fact r( B ) = C( B )), such that 

S(B)£9J(B). 

Remark 3.3. Let us make an observation which narrows the set of the 
bisections we are working with and shortens our proof. The set of numbers 
r (B) = C (B) is at most countable. Thus there exists a continuum of the 
bisections determining one and the same value of C( B ) (and, thus, of ?"(b))- 
We will show that this class of bisections already gives birth to a continuum 
of groups -ff(B) generating pairwise different varieties. We replace all values 
of C(b) by one c and all values of rm) by one r and, thus, we replace all 
groups 5(b) by single one 5. (As we will see in Subsection 13.31 one can 
simply take c = r = 1 but this is not relevant for our construction). 

Lemma 3.4. Let the bisections (B) and (B*) be different and let Im) = 
T(G(b),5) and T( B *) = T(Gm*\, 5) be groups constructed in analogy with 
the group T(G, 5) in the proof of Theorem \2.1\ Then var(T( B )) ^ var(T( B *)). 

Proof. For arbitrary varieties of groups 3C\, %2, 2J, different from variety of 
all groups, Xi • 2) = X2 ■ 2) holds if and only if holds %i = X2 |N6gj . 
Thus, to prove this lemma, it is sufficient to show that 

var(T (B) ) = var(G (B) ) ■ 91 c 

var(T( B *)) = var(G( B *)) ■ 9I C 

and to apply Lemma 13.21 Let us prove, say, the first one of relations ([5]). 
Clearly 

var(T (B) ) C var(G (B) Wr 5) C var(G (B) ) • 
On the other hand Tm\ contains the first copy of the group G( B ) in the base 
group of wreath product G(b) Wr 5, as well as the active group 5. There- 
fore T(b) contains a subgroup of the complete wreath product G( B ) Wr 5, 
isomorphic to direct wreath product G(b) wr 5 (clearly, this direct wreath 
product is a proper subgroup of T( B ), for T( B ) contains, say, the element Xg 
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with infinite support). Now it remains to notice that G^wrS generates 
the variety var(G( B )) • 9t c because the group S discriminates the variety 
m c [N68l 35.12, 35.13]. □ 

The next step of our construction in Section [2] was the group D. So build 
here for each bisection (B) a group D(b) • It turns out that the commutator 
subgroup of -D(b) nas the same equational theory as the group T( B ) : 

Lemma 3.5. If D(b) and T(b) are the same as above, then 

var(L> (B) ) = var(T (B ))2l. 

In particular, if (B) and (B*) are distinct bisections, then var(D(B)) 7^ 
var(L> (B .)). 

Proof. -D(b) evidently contains the first copy of T( B ) in the base group of the 
cartesian wreath product T(b) Wr C. That copy together with the cycle C 
generate the direct wreath product T( B ) wrC which generates var(T( B ))2l. It 
remains to notice that -D(b) £ var (2~(B))2l an d, thus, var(L>( B )) Q va r(X(B))2l. 

□ 

Next we take, as in Section [21 another infinite cycle Z = (z) and form for 
each bisection (B) , that is, for each group -D(b)> a corresponding element 
cj(B) in the complete wreath product -D(b) Wr Z. Take for each -D(b) the 
corresponding two-generator group 

Remark 3.6. Let us note that, since the elements of D(b) can be linearly 
ordered in many different ways, one can get many different elements uj^b)- 
So it is assumed that we have fixed one concrete u;(b) f° r each -D(b); that is, 
we have fixed some linear order over each group -D(b)- 

Lemma 3.7. Let -ff(B) be the two-generator group determined by the bisection 
(B) . Then holds: 

var(F( B )) = var(D( B ))2l. 
In particular, if (B) and (B*) are distinct bisections, then var(if( B )) ^ 
var(# (B *)). 

Proof. Let us take any non-identity w = w(x\, . . . , x n ) for the variety 
var(Z)(B))2l and show that w can be falsified on some elements of 11(b)- This 
will prove the point because -ff(B) evidently belongs to var(Z)( B ))2t. Take 
Cl ; • • • , Cri G L> (B) wrZ such that w(ci,...,c„) / 1. Clearly: a = z m - p h 
where pi belongs to the base subgroup D? B y, i = 1, ... ,n. Finitely many 
elements pi in this direct wreath product have only finitely many non-trivial 
"coordinates" p^z 1 ), i = 1, . . . , n; j £ Z. This means that there is a big 

lr The current version of this proof is based on an advice we received from Professor 
Alexander Yu. Ol'shanskii. This proof is shorter than the proof we gave in the initial 
version of this paper. 
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enough positive integer n* such that if we replace (trivial) "coordinates" 
Pi(z 3 ), \j\ > n* of each pi by arbitrarily chosen values from the group Dm\, 
and denote these new strings by p\ correspondingly, then we will still have: 

w(z^p' 1 ,...,z m "p' n ,)^l. 

Since all the powers z mi , . . . , z mn already belong to -ff(B) j t ne proof will be 
completed if we show that for arbitrary positive integer uq and arbitrary 
pregiven values lj £ -D(b); j = ~ n o ; ■ ■ ■ ,no the group -ff(B) contains such an 
element p" G -f^(B) H -O^b) for which: p"{z^) = lj; j = —no, • • • , no- 

Taking into account the "shifting" effect of the element z, it will be suf- 
ficient to show that for any pregiven / € -D(b) there is an element p"' € 
-fT(B) Pi such that: 



if j = 

if — 2no < j < 2no and j 7^ 0. 



The elements p" will then be products of elements of type p"' (for various 
Vs and of their conjugates by powers of z). We have: 

, , ( J\ _ / 4, if i = 2 k , k = 0,1,2,..., 

u (m z ) - 1 1; if i G z \{ 2 fe 1 = 0, 1, 2, ...}. 

where this countable group -D(b) is presented as -D(b) = {do,di, . . .}. The 
element I can be presented as a product di ■ dj for infinitely many pairs 
di,dj G -C(B)- On the other hand, the number of all possible pairs di, dj 
with a common upper bound on |i| and \j\ clearly is finite. Thus, there 
necessarily exists a pair di,dj such that 1 = di - dj and 2*,2- 7 > 2uq. Then: 

□ 

3.3. A variety containing all groups #(b)- Finally let us find a variety 
containing all groups -ff(B) constructed. For any (B) holds: 

G ( B) 6 (21 • (.Bp n (En)) u (21 • (6 5 n <B 8gr .)) 
= a-((^n e„) u (0 5 n <B 8(?r )) = 2B 

Further, the group T(b) belongs to the variety 2H • 9t c , the group -D(b) 
belongs to the variety 2H • 9I C • 21 and the group -ff(B) belongs to the variety 
2B • 0I C • 21 • 21 for each bisection (B) . 

Remark 3.8. Turning back to Remark 13.31 we note that every one of our 
varieties 53(b) is a subvariety of ©5 PI 5Ssgr and, thus, each V(b) has a conse- 
quence of form x 8qr . So, if S = Fi(%li) is an infinite cycle, then we already 
have var(S) =%t\ % 23(B)) an d we can take c = 1. So for any (B) the group 
T( B ) belongs to 233 ■ St, the group D {B) belongs to 223 • 21 • 21 = 2B • 2l 2 , and 
the two-generator group -ff(B) li es in 2B • 2l 3 . 
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Lemma 3.9. For any bisection (B) the two-generator group Hrm constructed 
above belongs to the variety 

(6) 2t- ((^, n <£„) u (« 5 n » 8 ,r)) -2l 3 , 

where n>3,p = n + 2 is a prime, and where q, r are primes different from 
the prime p. 

Remark 3.10. Now we can explain, why in our construction we prefered 
the Example 12.91 Firstly, the fact that expG is coprime to exp (05 n 93sgr) 
slightly shortens our original proof (the same is true concerning the group 
of Example 12.91 that is, the group G = JlSi -^n (•%>))> and, secondly, we get 
a smaller variety for (|6|) b ecause, &p R (E n C &p. 

3.4. A continuum of not locally soluble 5/*-groups. An immediate 
consequence of Theorem 13.11 and of consideration of the previous subsection 
is the following: 

Theorem 3.11. There exists a continuum of torsion free, not locally sol- 
uble two-generator SI* -groups, which generate pairwise different varieties 
of groups. Moreover, the groups mentioned can be chosen to belong to the 
variety (0|). 

Taking into account the fact the set of all varieties is of cardinality of 
continuum, we get: 

Theorem 3.12. The set of all varieties of groups generated by torsion free, 
not locally soluble two-generator SI* -groups is of the same cardinality as 
the set of all varieties of groups. Moreover, continuum many varieties of 
mentioned type are contained in the variety 

If we drop the requirement for the groups H(b) to be torsion free, we 
can slightly change our construction in order to obtain a 'smaller value' for 
variety ([6]) . Namely, take G to be not the same as in Example 12.9^ but to 
be the direct product of free groups of finite ranks in variety &p R £ n : 

n=l,...,oo 

take further G( B ) be not as in ([1]), but: 

G(B) = G x FooiVar^B))). 

Then a continuum of different bisections (B) still determine a continuum of 
different insoluble ST*-groups G(b)> which can be used in Theorem 12.11 in 
order to obtain a continuum of groups H(b) ■ The proof of Lemma 13.21 can 
be easily modified (in fact, shortened) for this situation. The rest of the 
proof in Subsection 13.21 remains unchanged. Since in this case we begin with 
a group G( B ) not in the variety 21 • (Mp n (E n ) U 21 • (05 n ^sqr), but in the 
variety (Mp R <£ n ) U (©5 R %$8qr), the groups H(b) W1U belong to the variety 

(7) ((£„ R £») U (0 5 R 2V)) • 2l 3 
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So we get the following analogs of Theorem 13.111 and of Theorem 13,121 re- 
spectively: 

Theorem 3.13. There exists a continuum of not locally soluble two-gene- 
rator SI* -groups, which generate pairwise different varieties of groups. More- 
over, the groups mentioned can be chosen to belong to the variety $^). 

And: 

Theorem 3.14. The set of all varieties of groups generated by not locally 
soluble two-generator SI* -groups is of the same cardinality as the set of all 
varieties of groups. Moreover, continuum many varieties of mentioned type 
are contained in the variety 

4. Some related questions 

4.1. Examples for some other classes of generalized soluble groups. 

The main tool that enabled us to build examples of not locally soluble SI*- 
groups is the construction of verbal embedding of countable ST*-groups into 
two-generator S7*-groups adopted from [M02\ and described in Section [2j 
The results of |M02] however concern not only S'I*-groups but also other 
classes of generalized soluble groups: 

(8) SI-, SN-, SN*-, SP- and SN" -groups. 

Since there are different ways of definitions of classes of generalized soluble 
groups (and even different notations of these groups), let us briefly recall the 
stuff. 

A soluble subnormal system of G is the set 

(9) {G S ; 5 e A} 

of subgroups of G with following properties: (i) it contains {1} and G, (ii) 
is linearly ordered by inclusion, (iii) is closed (that is, contains unions and 
intersections of its elements) , (iv) satisfies the condition G$ < G$ , where G$ 
is the intersection of all elements of ([9]) greater than Gs , and (v) every factor 
Gfi/Gs is abelian. If all subgroups Gs are normal in G, ([9]) is said to be a 
soluble normal system of G. The group G is a SiV-group (S7-group) if it 
posses a soluble subnormal (normal) system. If moreover the subgroups Gs, 
5 € A, are well-ordered by inclusion C, then ([9]) is a subnormal (normal) 
soluble ascending series, and G is an SN* -group (an SI*-group) of some 
ordinal length a. If, in the contrary, the subgroups Gs, S € A, are well- 
ordered by D, then is a subnormal (normal) soluble descending series, 
and G is an SN S -group (or a SP -group) of length /3, where /3 is some 
inverse ordinal [RZ2l [RT^l \SW\ . 

Any countable group G from each one of the classes ([8]) for each non-trivial 
word set V is (subnormal and 'verbally') embeddable into a two-generator 
group H = H(G,V) from the very same class [M02]. This together with 
the following lemma give a method of construction of 'many' groups from 
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one of the classes ([8]) that do not belong to a smaller one of that class (say, 
examples of 57-groups which are not S'/*-groups, etc.). 

Lemma 4.1 ( [RZ2[ IK65j ). Each one of the classes ||j) is closed under the 
operation of taking subgroups. 

We simply take, say, one S7-group which is not an £I*-group G (e. g. the 
absolutely free group G = F of finite or countable rank [R72, K65\) and for 
any non-trivial word set V embed it into the corresponding two-generator 
group H = H(G, V). The latter is still an S7-group but not an S7*-group 
for G = F C H. The same scheme works for other classes dH). Moreover, 
the groups constructed can also be not locally soluble if we take an insoluble 
initial group G. 

We restrict ourselves to this outline of possible constructions firstly be- 
cause in the literature examples of mentioned nature are not as rare as that 
mentioned at the beginning of this paper, and secondly because such a con- 
sideration would demand a dozen of pages with proofs very similar to those 
above varying only in details. 

4.2. Examples for linearly ordered groups. Linearly ordered (or fully 
ordered in terminology of, say, IN 67/ ) generalized soluble groups have been 
considered repeatedly (see for instance [H63] and references given there). 
Thus it is of some interest to note that the groups of Section [2] and of 
examples outlined above can be linearly ordered. 

If the initial group G is linearly ordered, its order can be lifted to that of 
the group T(G, S) using the fact that the free nilpotent group S can also be 
linearly ordered. Then the order obtained is being lifted to linear orders of 
D(T, C) and of H(G, V) using the natural order of cyclic groups C and Z. 
See [MMal [M02j for details. 

The following basic idea is essential to that proofs. Our construction 
is based on cartesian wreath products and according to the result of Neu- 
mann [N60] a cartesian wreath product of two (non-trivial) groups can never 
be linearly ordered. This is one of reasons explaining the choice of elements, 
sa y> Xg : on each step not the whole wreath product (GWrS, TWtC or 
DWr Z) but a 'small part' of it is being used. 
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